In this paper, we establish some novel Ostrowski-Grüss,Čebyšev, and Trapezoid type inequalities involving functions whose second derivatives are bounded on time scales. We also give some other interesting inequalities as special cases of our results.
Introduction
In 1938, Ostrowski [17] proved the following interesting integral inequality. |f (x)| < ∞. The inequality is sharp in the sense that the constant 1 4 cannot be replaced by a smaller one.
In [3] , Bohner and Matthews extended the above result to time scales by proving the succeeding theorem. where h 2 (., .) is defined by Definition 2.11 below and M = sup a<t<b f ∆ (t) < ∞. This inequality is sharp in the sense that the right-hand side of (1.1) cannot be replaced by a smaller one.
If f, g : [a, b] → R are integrable on [a, b], then we consider theČebyšev functional, T (·, ·), defined by
In 1882,Čebyšev [7] proved that, if f , g ∈ L ∞ [a, b], then
In 1988, Hilger [9] introduced the time scales theory to unify continuous and discrete analysis. For some Ostrowski, Ostrowski-Grüss,Čebyšev, and Trapezoid type inequalities on time scales, see the papers [4, 8, [11] [12] [13] [14] [15] [16] [19] [20] [21] where further references are provided.
In this present paper, we study some new Ostrowski-Grüss,Čebyšev, and Trapezoid type inequalities involving functions whose second derivatives are bounded on time scales. We also apply our results to the continuous and discrete cases.
General definitions
For a general introduction to the time scales theory we refer the reader to Hilger's Ph.D. thesis [9] , the books [5, 6, 10] , and the survey [1] . Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real numbers.
We assume throughout that T has the topology that is inherited from the standard topology on R. It is also assumed throughout that in T the interval [a, b] means the set {t ∈ T: a t b} for the points a < b in T. Since a time scale may not be connected, we need the following concept of jump operators. Definition 2.2. For each t ∈ T, the forward jump operator σ : T → T is defined by σ(t) = inf {s ∈ T:s > t} and the backward jump operator ρ : T → T is defined by ρ(t) = sup {s ∈ T : s < t}. Definition 2.3. If σ(t) > t, then we say that t is right-scattered, while if ρ(t) < t then we say that t is left-scattered. Points that are right-scattered and left-scattered at the same time are called isolated. If σ(t) = t, then t is called right-dense, and if ρ(t) = t then t is called left-dense. Points that are both right-dense and left-dense are called dense. If T = R, then µ(t) = 0, and when T = Z, we have µ(t) = 1. Definition 2.5. Let f : T → R and fix t ∈ T κ . Then we define f ∆ (t) to be the number (provided it exists) with the property that for any given > 0 there exists a neighborhood U of t such that
We call f ∆ (t) the delta derivative of f(t) at t. If the delta derivative of f exists at each point in T κ , we shall simply say that f is differentiable.
In the case T = R, f ∆ (t) = df(t) dt . In the case T = Z, f ∆ (t) = ∆f(t) = f(t + 1) − f(t), where ∆ denotes the usual forward difference operator. Theorem 2.6. If f, g : T → R are differentiable at t ∈ T κ , then the product fg : T → R is differentiable at t and
Definition 2.7. The function f : T → R is said to be rd-continuous on T provided it is continuous at all right-dense points t ∈ T and its left-sided limits exist at all left-dense points t ∈ T. We denote the set of all rd-continuous functions from T into R by C rd (T, R). Also, the set of functions f : T → R that are differentiable and whose second derivatives are rd-continuous is denoted by C 2 rd (T,R).
It follows from [4, Theorem 1.74] that every rd-continuous function has an antiderivative.
In this case the Cauchy integral is given by
Theorem 2.9. Let f, g ∈ C rd (T, R), a, b, c ∈ T and α, β ∈ R. Then
, then so is |f|, and
Main results
The following theorem deals with Ostrowski-Grüss type inequalities on time scales.
Theorem 3.1. Let a, b, t, x ∈ T, a < b, and f ∈ C 2 rd (T,R) . Then, for all x ∈ [a, b], we have following inequalities:
and
Proof. We have
We have (see also [2, pp. 7 
where
Additionally, we get
Using the Cauchy-Schwartz inequality, we may write
Therefore,
Using (3.3)-(3.9), we can easily obtain the following inequality
, which provides the first inequality in (3.1).
We also have (see [2, pp.11 
Additionally, we can obtain
(3.11)
Using (3.3), (3.5), (3.7), (3.9), (3.10), and (3.11), we can obtain the inequality (3.2). This completes the proof of the theorem.
Corollary 3.2. By taking T = R in Theorem 3.1, we get
, and
Corollary 3.3. For T = Z in Theorem 3.1, we have
Cebyšev type inequalities on time scales also hold.
Theorem 3.4. Let a, b, t, x ∈ T, a < b. Suppose that f, g ∈ C 2 rd (T,R) are such that
Then, the succeeding inequalities hold:
Proof. We have, from [2, pp. 7] , the following identity
Similarly, one obtains
Now, multiplying both sides of (3.14) and (3.15), we obtain
Integrating both sides of (3.17) with respect to x over [a, b], taking absolute values, using (3.16), and dividing by (b − a), we get the desired inequality (3.12).
We also have (see [2, pp. 14] ) (3.18) and
From (3.18) and (3.19) we observe that
Integrating both sides of (3.20) with respect to x over [a, b], taking absolute values, and dividing by (b − a), we get the desired inequality (3.13).
Corollary 3.5. Let T = R in the Theorem 3.4. Then (3.12) and (3.13) become 
Conclusion
In this article, inequalities of the Ostrowski, Ostrowski-Grüss, and Trapeziod kinds on time scales are hereby presented. By employing our results to the continuous and discrete calculus, more interesting inequalities are obtained as special cases. Theorem 3.7 extends the Trapezoid type inequality given by Pachpatte [18] to time scales. More results can be obtained by applying our results to the time scale T = q N , where q > 1.
